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ABSTRACT. Combining combinatorial methods from set theory with the functional
structure of certain Banach spaces we get some results on the isomorphic structure
of nonseparable Banach spaces. The conclusions of the paper, in conjunction with
already known results, give complete answers to problems of the theory of Banach
spaces. An interesting point here is that some questions of Banach spaces theory
are independent of Z.F.C. So, for example, the answer to a conjecture of Pelczynski
that states that the isomorphic embeddability of L!'{—1, 1}* into X* implies, for
any infinite cardinal a, the isomorphic embedding of /! into X, gets the following
form:

if @ = w, has been proved from Pelczynski;

if « > w™, the proof is given in this paper;

if a = w*, in ZF.C.+C.H,, an example discovered by Haydon gives a negative
answer;

ifa=w*, in ZF.C.+|C.H.+ M.A, is also proved in this paper.

Introduction. In this paper we study certain problems on the isomorphic structure
of Banach spaces, some of which are conjectures or problems posed by researchers
in the field. Our methods are to a large extent infinitary combinatorics; an
unexpected by-product of our results, together with Haydon’s counterexample, is
that the answer to most of these problems and conjectures is independent of Z.F.C.
for « = w*, while they have an affirmative answer for higher cardinals. More
precisely our results can be summarised as follows.

THEOREM A (3.1). If a > w™*, X is a Banach space such that L'{-1, 1}* is
isomorphic to a subspace of X*, then I is isomorphic to a subspace of X.

THEOREM B (6.11). Assume Martin’s axiom and the negation of the continuum
hypothesis. If X is a Banach space such that L'{~1, 1}“’+ is isomorphic to a subspace
of X*, then X contains an isomorphic copy of Ig+.

Theorems A and B give an affirmative answer to a conjecture of Pelczynski [13];
in conjunction with a counterexample by Haydon, it follows that Pefczynski’s
conjecture is independent of Z.F.C. for « = w*. The proofs of Theorems A and B
are given in §§3 and 6, below, respectively.

THEOREM C (4.2). If a > w*, X is a Banach space, A is an arbitrary (not
necessarily finite) measure, and T: L'(-1, 1}* » X*, U: X* — L'(\) are bounded
linear operators such that U T is an isomorphic embedding, then Z, is isomorphic to
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194 S. A. ARGYROS

a subspace of X, where

zZ, = ( > & Ze)l, Z, = ('él 35] l°°(n))l for ¢ < a.

{<a

THEOREM D (6.3). Assume Martin’s axiom and the negation of the continuum
hypothesis. If X is a Banach space, X is an arbitrary (not necessarily finite) measure,
and T: L'{-1,1}*" — X* U: X* - L'(\) are bounded linear operators such that
U o T is an isomorphic embedding, then Z . is isomorphic to a subspace of X.

Theorems C and D imply an affirmative answer to a problem by Hagler and
Stegall [7]; in conjunction with the counterexample by Haydon, mentioned above,
it follows that the Hagler-Stegall conjecture is independent of Z.F.C. for a = w™.
The proofs of Theorems C and D are given in §§4 and 6, below, respectively.

THEOREM E (5.2). Let a be a strongly w™ inaccessible with cf(a) > w™*; if X is a
subspace of L™( ) for some finite measure p. with diim X = a then I} is isomorphic to
a subspace of X.

Theorem E improves some previous results about the universal embedding of /;
into the subspaces of L*( ) spaces. The proof of this theorem is given in §5 below.

THEOREM F (7.3). Let X be an injective Banach space of dimension a.
The following are equivalent:

(a) L} is isomorphic to a subspace of X;

(b) X* is isomorphic to (C{-1, 1}*)*.

Statements (a) and (b) are two independent problems posed by Rosenthal [14].
The proof of Theorem F is given in §7. Also in the same section we prove the
following.

THEOREM G (7.1). Assume Martin’s axiom and the negation of the continuum
hypothesis. If X is a Banach space, A is an arbitrary (not necessarily finite) measure,
and L'()) is isomorphic to X*, then there is a set A and a set of cardinals {ay:y €T}
such that L'(\) is isomorphic to

1'(4) ea( > & c({-1, 1}%)*)1.

yeTl

Theorem G gives an affirmative answer to a conjecture of Rosenthal [14]; in
conjunction with the counterexample by Haydon, mentioned above, it follows that
Rosenthal’s conjecture is independent of Z.F.C.

ACKNOWLEDGEMENT. The author thanks Professor S. Negrepontis for useful
conversations on the subject of this paper. He is also grateful to Dr. R. Haydon for
his valuable help during the preparation of the paper. In particular his suggestions
allowed the author to simplify the proofs of some results of the paper.

0. Preliminaries. The ordinals are defined in such a way that an ordinal is the set
of smaller ordinals. A cardinal is an ordinal not in one-to-one correspondence with
any smaller ordinal. The cofinality of a cardinal a, denoted cf(«), is the least
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cardinal B such that « is the cardinal sum of 8 many cardinals, each smaller than
a. A cardinal a is regular if a = cf(«), and singular if cf(a) < a. The least cardinal
strictly greater than 8 is denoted by 8 *. A cardinal « is a successor cardinal if it is
of the form a = B for some B; every successor cardinal is regular. The cardinal-
ity of the natural numbers is denoted by w. The cardinality of a set 4 is denoted by
|4].

We denote by P (a) (resp., P, («)) the set of subsets of a (resp., the set of subsets
of a of cardinality less than k). The cardinality of % (a) is denoted by 2°.

The continuum hypothesis is the statement w* = 2°. The generalized continuum
hypothesis is the statement a* = 2 for all infinite cardinals a.

If a is a cardinal, then « is called strongly w*-inaccessible if 8 < a for any
B < a, and we write a > w™*.

For set theoretic background, we refer the reader to [4].

By L!(p) we denote the Banach space L'(, =, ) of equivalence classes of
complex p-measurable functions such that || f||, = f|f| dp < oo (where Q is a set, =
is a o-algebra of subsets of {, and p is a positive measure on X); by L®(u) we
denote the Banach space L*(£2, Z, p) of equivalence classes of complex u-measura-
ble p-essentially bounded functions, with | f||, = p-ess. sup,cq [f(w)]. If @ =
(-1, 1}%, = is the o-algebra of Borel sets of 2, and p is the (unique) probability
Haar measure on the (compact abelian) topological group {-1, 1}/, we denote
L&, =, p) (resp. L=(Q, =, w)) by L'{~1, 1} (resp. L*{~1, 1}Y); the measure p is
alternatively described as follows: Let » be the measure on {-1, 1} defined by
»{-1} = »{1} =1, and let p be the product measure of the y, with p, = » for all
i € I.If 3+ N C I, we denote by p, the probability Haar measure on {-1, 1}*.

If Z is a Banach space, Z* denotes its dual; if 7: Z — X is a bounded linear
operator, then T*: X* — Z* denotes the conjugate operator.

We denote by M(S) the space of all regular finite complex-valued Borel
measures on S; we identify C(S)* with M(S) by the Riesz representation theorem.
Moreover, if u is a positive element of M(S), we identify L'( ) with the (comple-
mented) subspace of M(S) consisting of all measures A with A absolutely continu-
ous with respect to u, by the Radon-Nikodym-Lebesgue theorem.

We identify L*°(u) with (L'( u))*, for any o-finite measure space.

Given a set T, //(T') denotes the Banach space of all complex-valued functions f
defined on I' such that T, o1 [A(y)| < oo, with || f|| = 2, cr | f(¥)|. By the canonical
basis of /!(T') we refer to {e,: y €T}, where e,(8) = 1if y = 8, e,(8) = 0if y #§,
fory € T.

A subset {b: vy €T} of a Banach space Z is said to be equivalent to the
canonical basis of //(T') if the correspondence T: {e,) YET} > {b;: vy €T},
defined by Te, = b, for y € T, can be extended to an isomorphism of /'(T') with
the closed linear span of {b,: y €T}. If |T'| = &, we denote /'(T) by I}; if |T| = o,
we denote //(T) by /1.

Given a family {X;: i € I} of Banach spaces, we denote by (Z,., D X,), the
Banach space of all x = (x;: i € I), with x; € X, for i € I, such that ||x| =
Zier lIxll; < oo.
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1. Some combinatorial results.

1.1. LeMMA ERDOS-RADO. Let a > w be a ‘regular cardinal and ¢: a — P (@) a
Sfunction. Then there are A C a and N C a such that

@) |4| = a, and

(ii) for every &,, &, € A, &, # &,

(£) N o(&) = N.

1.2. LEMMA [3]. Let a be a singular cardinal with cf(a) > w and ¢: a > P (a) a
Jfunction. Then there are

(a) a family {A,: o < cf(a)} of pairwise disjoint subsets of a,

(b) a family {N,: o < cf(a)} of subsets of a and N a subset of a such that

(l) | U o<cf(a) Aol = aq

(i) ifo < cf(a) and &, &, € A, with &, # &, &(£) N ¢&) = N,, and

(iii) if 0, < 0, < cf(a) and &, € A4, , &, € A, then (&) N §(&) = N.

1.3. THEOREM (HAINAL) [8]. Let a > w™* be a cardinal and ¢: a —> P +(a) a
function; then there is A C a, with |A| = a, such that if §,, &, € A, and &, # §,, then
£ & (&)

In the rest of this section we present some combinatorial consequences of the
above theorems.

1.4. PROPOSITION. Let a > w™ be a cardinal and ¢: a — P ,+(a) a function.

Let also {W,: n < w} be a partition of «a into pairwise disjoint sets such that
|W,| = aforalln < w.

Then there is A C a such that

() ]|4n W, =aforalln< w and

(i) if &, &, € A, &, # &, then & & &(§,).

Proor. For each n < w we consider a well-ordering of W; let W, = {{/"
¢ < a}, and we define a function f: « = U, _,, W, — a by the rule f(7) = &.

We set F(§) = f(U{&($): ¢ € f'(®))). Using Hajnal’'s theorem we choose
A’ C asuch that |[4’| = a and, if §,, &, € 4', §, # &,, then £, & F(§;). This implies
that

S'{ED fTU(FE) =9

and from this if {1 € f7'({£,}) and {2 € f7({£,)), then §¢ & &($(7). Now using
transfinite induction we choose a subset A of a such that
M4 cU{f'{g): ¢4,
() |4 N W,| = aforalln < w,
(iii) if {{ € A4 then
An(fT'ON()) =2
This set A is the desired one.
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1.5. PROPOSITION. Let a > w™ be a cardinal and ¢: a — P +(a), f: a = P (a) be
functions such that if £, < & < a then f(§;) N f(§&) = &. Then there is an A C a,
with |A| = a, such that if §,, &, € A, with £, # &,, then

¢(€,) N f§) = 2.

PROOF. W.L.o.g. assume that f(§) + Jfor all £ < a.

Let F: a — a be a function such that if { < « and { € f(§) for some { < a, then
F($) = §; otherwise F(§) = §.

We define h: a — P . (a) by the rule h(§) = F(¢(£)); we apply Hajnal’s theorem
and we find a set A4, subset of a, with |4| = a, such that if §,, §, € 4, and £, # &,
then £, & h(¢)).

It is easy to verify that for £, £,, as above, f(§,) N ¢(&) = &.

The next proposition is a combination of Lemmas 1.1, 1.2 and the above
proposition.

1.6. PROPOSITION. Let a > w™* be a cardinal with cf(a) > w™, and ¢: a — P +(a),
f: a— P (a) be functions.
Then there are
(a) a family {A,: o < cf(a)} of pairwise disjoint subsets of a,
(b) a family {N,: o < cf(a)} of finite subsets of a, and N finite set such that
@ Uo<cf(a) Al = a,
(i) ifo < cf(a)and £, &, € A, §, # &,, then (£)) N f(§) C N,, and
(i) if 0, < 0, < cl(a), & € A,, & € A,,, then (&) N fi&) C N.

1.7. PROPOSITION. Let a > w™* be a cardinal and ¢: a — P +(a), f: a - P () be
Sunctions such that f(§,) N f(§,) = D. Let, also, {W,, W,, ..., W,,...: n < w)} be
a partition of a into pairwise disjoint sets with |W,| = a for all n < w.

Then, there isan A C a, with |W, N A| = a, such that if §,, §, € A, §, # §,, then
f€) N ¢(§) = .

2.

2.1. DEFINITION. Let I be a nonempty set and £ € 1.

By IL,: {-1, 1} - {-1, 1} we denote the projection onto the {th coordinate.
Let M be a finite subset of I; we let I1,,: {-1, 1}Y - {~1, 1} be the function

I, fM+*ZandM = {§,,§,...,§,},and

i=1
My (x)=1 forallx € (-1, 1}/if M = &

It is easy to prove the following.

2.2. LeMMA. Let I be a nonempty set. Then the set {I1,;: M € P (1)} generates a
linear space dense in L'{-1, 1}’.

Let f be a function on {-1, 1}Y and N c I. We say that f depends on the set N if
for all elements y,, y, of {-1, 1}Y*¥ and x € {1, 1}" it holds that f(x,y,) =
(%, ).
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If f is an essentially bounded measurable complex function on {-1, l}’ , there is
an h that differs from f on a set of null measure and 4 depends on a countable
subset of 1.

In the remainder, by writing f € L*{-1, 1}’ we mean that [f] € L®{-1, 1},
and f depends on a countable subset of 1.

2.3. DErFINITION. Let I be a set and K a nonempty subset of 7. We let

Py LY-1, 1}* 5 LY{-1,1)f
denote the natural embedding, and
P L2{-1, 1} - L={-1, 1}¥
be the conjugate of Py.
Also, by L*{-1, 1} we denote R and by P* the integration functional.

2.4. LeMMA. Let I be a set, K a subset of I and f an element of L*{-1, 1} which
depends on a set N of coordinates. Then

PR(f) = Pgan(S),

where we consider P¢ . y(f) as an element of L*{-1, 1}¥ in the natural way.

ProOF. We set f; = PE(f) and f, = P¢ . n(f). From Lemma 2.2 it is enough to
check the equality of f;, f, on the set {II,,;: M € @ (K)}.

Case 1. M C K N N. Then f,(I1),) = [ P yAL)f du = [ 11, f du = fi(I1,)).

Case 2. M ¢ K N N. Then there is £ € M and £ € K N N. Then f,(II,,) =
J LIy ap = [ fllpggy He dp = [ 1L dp [ follyy (¢, dp = 0. On the other hand

filly) = ffPK(HM) dp = ffHM du =0.

So the proof is complete.

2.5. COROLLARY. Let K C I and f € L™{-1, 1}, which depends on a set N of
coordinates; then P¥(f) depends on a subset of K N N.

3. In this section we establish the possibility of embedding /! isomorphically into
a Banach space X, assuming that its dual X* contains isomorphically L'{-1, 1},
provided a > w™*.

Petczynski has proved this statement for « = w and conjectured in [13] that this
statement is true for all cardinals a. Thus in Theorem 3.1 below we prove this
conjecture for cardinals greater than w ™.

In Theorem 3.2, we prove that for certain classes of cardinals, the conclusion of
Theorem 3.1 also holds under weaker assumptions.

3.1. THEOREM. Let a be a cardinal greater than w* and X a Banach space such
that L'{-1, 1}* is isomorphic to a subspace of X*. Then X has a subspace isomorphic
tol).

PROOF. Let T: L'{~1, 1}* - X* be an isomorphism and we denote by

T*: X** > L*{-1, 1}
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the conjugate of 7, which is onto and w*-continuous. From Goldstine’s and open
mapping theorems, there is a natural number ¥ > O such that T*(Sy) is w*-dense
in Sle_y 1o Where S = {x € X: ||x|| <k} and S}« 1)« is the unit ball of
L>e{-1, 1}~

Let ¢ > 0. We choose a family {x,: £ < a} of elements of Sy** according to the
rule:

For £ < a we consider the projection

Pty L=(-1,1}* —» L>{-1,1}¥;

then Py, o T*(Sy**) contains the unit ball of L¥{-1, 1}!), and consequently
there is x, € S;** such that Pf;, o T*(x,) = II.

For every £ < a we set N, to be the countable subset of a on which the function
T*(x;) depends.

We apply Hajnal’s theorem for the family { N;: £ < a} and we define a subset 4
of a such that, for every §{ € 4,4 N N, C {¢}.

Let P%: L*{-1, 1}* - L®{-1, 1}*, and ¢ € 4. Since Py o T*(xp) =11, T*(xy)
depends on the §th coordinate, and so 4 N N; = {§}. Now from Lemma 2.4, we
have that

P: ° T'*(xs) = P(*f) ° T'*(xf) = He fOI‘ a11£ (S A,

and since {II,: £ € A4} is equivalent to the usual 1'(A) base, the same is true for the
family {x,: £ € 4}.

3.2. THEOREM. Let a be a cardinal with cf(a) > w and a > w*. If T: L'{~1, 1}*
— X* is a bounded one-to-one linear operator then la' is isomorphic to a subspace of
X.

ProOOF. Using the same arguments as in Theorem 3.1, we can choose a set D C a
and a family {x;: £ € D} of elements of X such that the family {P} o T*(x,):
¢ € D} is equivalent to the usual base of /), with |D| = a.

Since cf(a) > w we choose a set 4 C D and M > 0 such that |4| = a and
llxg]l < M forall £ € A.

Then the family {x,: £ € 4} is equivalent to the usual base of /'(4).

3.3. ReMARK. Theorem 3.1 has been proved for regular cardinals a > w™* by
Haydon in [9], and for cardinals a such that a and cf(a) > w* by Negrepontis and
the author in [3]. These proofs use the Erdos-Rado lemma and its extension to
singular cardinals given in [3].

4.
4.1. DEFINITION. Let a be a cardinal. We set

z=(3 ®1=(m) and za=(2 EBZE),

n<w {<a
where Z, = Z for all { < a.

REMARK. The space Z, has been introduced in [7] by Hagler and Stegall; it is
useful in the study of dual spaces; in fact, Stegall has proved in [18] that an
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isomorphic embedding of Z, into a Banach space X implies an isomorphism
between (C{-1, 1}*)* and a complemented subspace of X*.

In this section we study the embedding of Z, into a Banach spaces X for which
X* has a relationship with L'(\) spaces.

4.2. THEOREM. Let a be a cardinal greater than w*, X a Banach space and T, U
operators such that T: L'{~1, 1}* - X* and U: X* — L'(\) for some measure \ such
that U » T: L'(~1, 1}* — L'(\) is an isomorphism. Then X has a subspace isomor-
phic to Z,,.

PrROOF. We denote by U*, T* the conjugate operators of U and 7T, respectively.
Also, we define a well-order < on a X w, so that this set has the same order type as
the cardinal a.

Using transfinite induction we choose

(1) a family { X ,: § < a, n < w} of finite dimensional subspaces of X;

(i) for every (§,n) € a X w a family {g,;: 1 <j <2n} of elements of
T(L-1, 1});

(iii) a family {4, (§ n) € a X w} of pairwise disjoint countable subsets of a
such that

(a) for every (§, n) € a X w there is a family {x,,: 1 <i <n} of elements of
X (¢ that generates X, 3

(b) there are positive numbers #,, ¢, such that for every (§, n) € a X w and
X € X . where x = X7_, £;x;, we have that

¢, max |4] < ||x|| <&, max |z],

and consequently there is A > 0 such that the Banach-Mazur distance
d(X gy 7(n)) < A; and
() for every (£, n) € @ X w and 1 < j < 2n there is ¢, € L'{~1, 1}* depend-
ing on the set A ,) such that
(©) To,)) = 8y llde,ll = 1, and
(cp) there is ¢ > 0 and &€ > 0 such that
8en(x@n) > 0 ifj =i,
g(i,j)(x(ﬁ,i)) < -0 lfj =n+ i, and
|g(£J)(X(£’,))| < s/n otherwise.

Let (o, ny) € a X w and we suppose inductively that for each (£, n) < (&, ny) we
have chosen X, { 8¢: 1 <Jj < 2n}, A, so that they satisfy conditions (a), (b),
(c) above. o

For (§, n) < (&, no) we let N, ,, denote the countable set of coordinates on which
the finite dimensional subspace T*(X,,) of L*{-1, 1}* depends.

Since the cardinality of the set

H(eo,no)=( U N(e,n)) U( U A(e,n))

(&n)=<(0, no) &n)=<($0 n0)
is less than <, there is an infinite countable set A(&r np C @\ HGM o
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We choose a sequence {Og ): A < w} of measurable subsets of {1, 1}* such
that

(i) each O, ,,depends on 4 ,, and p(O ,)) > 0; and

() Ogpy N O,p,y =D lorallh; <A, <.
We set

o(ép A) = n(Oso,A)_l " X0y

and let fi 5, = U © T(¢g,») forallA < w.

Since {¢, : A < w} is equivalent to the canonical base of I}, and U~ Tis an
isomorphism, it follows that there are positive numbers m,, m, that depend only on
the operators (U, T') such that, for each choice of scalars {c;, ¢, ..., ¢} and
A Ay ..o, A}, we have

K

K
> cJ(M)“ >m, Z] led-
f

i=

K
m, 2 le;| >

i=1

From Dor’s theorem [S, Theorem B, it follows that there is a sequence { U N
A < w} of pairwise disjoint A-measurable sets such that

2

m

fie | dp > —2.
f%(w)l(W)l >

Also from Rosenthal’s lemma [15] and for ¢ < m2/16m, there is a subsequence
{U, »): ¥ < w} such that

€
[ Vg ro | die <~
Uik Usgor "o

We choose {w »,: k < w} a sequence of elements of L*{~1, 1}* such that

@ ||W(eo)\_)||ao =1

(ii) supp W, n) C U, and

(i) f fren) " Weeony 91 > m2/2m,.

We choose 2n, elements of the sequence {A: k < w}, say (A, ..., )\,‘%}, and
we set

Xon = UWeny = Utweon >
It is easy to verify that if {c,, c,, . . ., ¢, } are scalars, then

2
m,
* . xRk —< )
10*) max fel > [ 2 axis] > 4, max el

Also we set ¢ » = b, amy for all 1</ <2ny and g » = T(dg, ;) for all
1 < j < 2ny, and we observe that
8o )(XErn) = f Wt " Sitoi) At — f Wiono+ Vit i) At
>m3/2m; — m}/8m, > m}/4m, = 9,
8eono+ ) Xleniy) < —m%/ 4m, = ¥, and !g(ew)(x&:,:))| <e/ny
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From the local reflexivity theorem [11] we choose a family {x_,: 1 <i < n,} of
elements of X such that

@) 8o X @) = X8, forall 1 <i <nmyand1 < j < 2n,,

(1) if x = 7o, ¢;x(, ;) then

&4, max |¢| > ||x|| > ¥, max |¢],
where &, = ||[U*|| + ¢, &, = m2/4m, — ¢ > m2/8m,, and we set X(g,ny for the
space generated by the family {x, »: 1 <7 < ng}. This is the end of the inductive
construction.

For each (§ n) we let N, be the countable subset of a on which the finite
dimensional space T*(X ) depends. We also set 4, = {(§, n): §{ < a}.

We apply Proposition 14 for the families {Ng,: (§ n) € a X w}, {4y
(¢, n) € a X w} and the partition {A,: n < w}, and we choose A C @ X w such
that [A N A,| = «, and for every (£, n;) # (§,, n,) elements of A we have that
Ng,ony N A, ny = F. We claim that the space that generates the family {X ,:
(§, n) € A} is isomorphic to Z,,.

In order to prove this, it is enough to verify that if (§;, n}), . . ., (., n,) is a finite
choice of pairwise different elements of A, and x, € X, @ o X% € Xg ) with
x; = 2y tixg,  forall 1 <j <, then

ny * ¢

s L ; x .
A3 max (<] S gl <n 5 ma o)

j= |<i<nj

K
2 x
j=1

Weset D = U {Ag,: (& n) € A}. Let (§ n) € A, and x € X, with x # 0; then
x has the form

n
x = _21 LiXgiy
i=

We consider the element P} o T*(x) of L*{-1, 1}?. Since D N N, C A, We
have, from Corollary 2.5, that P} o T*(x) = P}M o T*(x), and consequently this
element depends on the set 4, ).

Letiy € {1, ..., n} be such that |, | = max{|£|: | <i < n}, and we set
4, ={z € {-1, 1}°: Py o T*(x)(2) > |1,|9/4).

Then
(%) p(4,) > 0.
Assume first that ;, > 0; then

n

T*(x)(‘i’(g,io)) = x(8iy)) > Lo — > L
Jj=1
J#*ig

€ )
— t, —.
n >’°2

In the case , < 0, with similar arguments we find that T*(x)b¢n+ip) < ~4,"
#/2, and the fact that the functions ¢ ;) P¢n+iy are positive elements of
L'{-1, 1}” of norm one implies that (x) holds.
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Now if (§;, n)) # (&, n)) # - - - # (&, n,) is a finite choice, and x; € Xe.n) isa
nonzero element of the form

€]
2 X(g i) for allj = 1

and || = max, ¢, |t/| then the family {4,: 1 <j < «} is stochastically mdepen-
dent. So if K = Nnj- A4;, then w(K) >0 and for the element h = oK) xx €
L'(-1, 1}* we have that ||h||l = 1, and

> 2 Py o T*(x))

j=1

K

L3 e T*(x,)(h)|

Jj=1

>

1 -1 d —10 S
= — . PY o T* X; d > >y ti, .
I3 [T a1 g S

On the other hand [2f_; x|l < Z5_, [lx]l < $,25, |t |. On the other hand
1251 X1l < 25y 11l < 0221,, %1, and the proof is complete.

43. R.EMARK The statement of Theorem 4.2 is valid in the case a = w as well. In
fact, it follows from a result of Starbird in [17], since U o T: L'(0, 1) - L'(\) is an
isomorphism, that there is a subspace W isomorphic to L'(0, 1) such that
U o T(W) is complemented into L'(A). So X* contains a complemented subspace
isomorphic to L'(0, 1), and it follows from [7] that X contains the space Z.

4.4. COROLLARY. Let a be a cardinal greater than ™ and X a Banach space such
that L'{-1, 1}* is isomorphic to a complemented subspace of X*. Then Z, is
isomorphic to a subspace of X.

4.5. COROLLARY. Let X be an £ space such that L'{-1, 1}* is isomorphic to a
subspace of X*.Then X contains a subspace isomorphic to Z, and (Z,. D L'{—l, 1}*),
is isomorphic to a complemented subspace of X*.

PROOF. Since X is an £ space, X* is a complemented subspace of L'(\) for
some measure A; from Theorem 4.2 we have that Z, is isomorphic to a subspace of
X. The second part is a consequence of a result of Stegall in [18].

5. In this section we investigate universal embeddings of /! into subspaces X of
L*{-1, 1}* with dim X = «, under conditions that depend only on the form of the
cardinal a (Theorems 5.1, 5.2).

5.1. THEOREM. Let a be a cardinal such that o is strongly w™-inaccessible and
cf(a) > w™. Let, also, {x;: £ <a} be a family of elements of L*{-1, 1}* with
lxgll < M and ||x; — x;|| >80 >0 for all §, { € a, £ #{. Then there is an A C a,
with |A| = a and a family {y,: 1 € A} of elements of L*{-1, 1}* such that

(i) for each n € A there are &, 1\, &, such that y, = Xy — Kby
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@i) if ¢, ¢y, . . ., ¢, are complex numbers and m, #n, # - - - # n, are elements of
A, then

K

L3 0 K
2M 2] || > EI Wl -7— 2 leil-

Proor. Using transfinite induction, we choose a family {y,: 7 <a} in the
following way:

Let 1y < a be an ordinal and assume that, for every n < 1o, y, has been chosen.

Let N, be the subset of a on which the function y, depends, and we set
I, = U,_, N, Sincea> w™* we have that

dim L*{-1, 1} <|L®{~1, 1} | =|1,|" <.
Consequently, there are two elements of {x,: £ < a} such that
Py (Xgtnon) = Pp, (Xe(no2)-

We set y, = x, =~ — x; .
o (01) (n0.2)
1 < a}. We observe that

This completes the definition of the family {y,:

@) f vy du = 0;
(i) for each n < « there is a finite 4, subset of a, and a functlon g, = 'l M,
+ - +77,, , where 4, C N, MCA M NI, #+@ (I, = N)and

n '<n
gl <2, Ify,, g, dul >0/2.

Property (i) is obvious from the inductive choice of {y,: 7 < a}. For (ii), we
choose 4, C N, finite and h, € L'{-1, 1}, such that

@ 1Ayl =1,

©) J 3y Iy s > 0/2.
Let h, = r| H M, T F ri11,, be an expression of A, with the function {II,:
M C A} We decompose the famﬂy L={M, , M, A} into two sets, namely

={M,:M, cl,} and L,=L\L,

Since P}(y,) =0, it follows that y,,HMm_ dp=0forall M, € L;. So
0 ,
3< ’ [3h, du‘ = [Sar, 2, Ty, dl.

We put g, = EM er, i HM , and we observe that ||g,,||l SHINP - ikl <2,
where P; is the usual projection of L'{-1,1}* onto L'{-1, 1}h, "and I is the
identity map of L'{-1, 1}*.

Now using Proposition 1.6 for the families {N,: n < a}, {4,: n < a} we choose
a family {A,: 0 < cf(a)} and {M,: 0 < cf(a)}, M, such that

Dif A= U, a4, then |A] = a;

(i) |M,| < w, |M| < w; and

(iii) if », #n, € A,, then N, N 4, C M,; if 6, <o,and n, € 4,,n; € 4, then
N'h n A"h C M.

We put D= U,, 4, and we consider the projection Pp: L*{-1, 1}*—
L={-1, l}D. From the choice of D and Lemma 2.4, we have that, for each n € A,
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Pp(yn) depends on the set 4, and so Pp(y,) belongs to C{-1, 1}, Also, if n, <1,
are elements of A, then

1
1250m) = 2300 3| [ 70 80 = [ 780

fym'gm ’

> re
From Theorem 3.10 of [3] there is a set A’ C A, with |4’| = a, such that if
€, Cy - . ., ¢ are scalars and m, #1, 7 - - - # 1, are elements of 4’, then

_1
T2

K K 0 K
2Mzl lci| > 21 P3| > 175 21 -
i= i= j=
Thus
K K 0 K
2M > || > 2 Wall 2 17 2 lel-

An immediate consequence of the above theorem is the following result.

5.2. THEOREM. Let « be a cardinal strongly w* -inaccessible and cf(a) > w*. Then
every subspace X of L®{~1, 1}* with dim X = a has a subspace isomorphic to I},

5.3. REMARK. If we assume G.C.H. the result of Theorem 5.1 or 5.2 takes the
following simple form:

If a is a cardinal with cf(a) > w* and a is not the successor of a cardinal 8 with
countable cofinality, then each closed subspace X of L*{-1, 1}* with dim X = a
contains isomorphically a copy of /.

It is known that if cf(a) = w then there is no universal embedding of /! into
L>{-1, 1}*. Also, if « = ¥ and B > cf(B8) = w then a subspace X of L®{-1, 1}*
contains isomorphically a copy of IBI'

5.4. REMARK. Theorems 5.1, 5.2 were proved by Negrepontis and the author in
[3] for certain classes of cardinals. In particular, Theorem 4.13 of [3] states that for
cardinals a with a, cf(a) both strongly w*-inaccessible there is a universal embed-
ding of /! into L*{-1, 1}~

The proof makes use of the Erdos-Rado lemma for regular cardinals, and its
extension to singular cardinals given in [3].

5.5. AN ExaMPLE. The results of [3], like those of [6, 9], and [10] depended on the
existence of independent families of sets in order to get embedding of /'(T") spaces.
The following example shows that such techniques would not be adequate to yield
the result of 5.1.

Assume M.A. + T|CH and let a be a strongly w*-inaccessible cardinal with
cf(a) = 2. Then there is a family { f;: { < a} of elements of L*{-1, 1}* such that
{fi: ¢ < a} is equivalent to the usual base of I but for every r, § with § > 0 the
family {(f;'(— o0, 7), f '(r + 8, )): £ < a} has no essentially independent sub-
family with cardinality a (where a family {(4,, B;): £ < a} of pairs of measurable
sets is said to be essentially independent if for §, # &, 7% - - - #§ #n, * - - - #*
n we have p(N A, N N B,,) > 0).
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We make use of the following.

5.6. LeMMA.! Assume M.A.+|C.H. There is a family {K,: o < 2°} of closed
subsets of {0, 1} with N(K,) > 0 for all 0 < 2°, such that no subfamily with 2
cardinality has nonempty intersection.

We pass now to the construction of the family { f;: § < a}. First we choose a
family {a,: 0 <2} such that a, <a and Z,_,+ a, = a; then using transfinite
induction we choose a family {U,: § < 2} such that

() if a, < £ < a,,, then AU, C K, X {~1, 13*7© with w(U,) > 0; and,

@) if £, < £, < a then (U, AGIL&) > 0.

We consider the family {Xg, : £ < a}. From Theorem 5.2 there is an A C « such
that |[4| = «, and the family {X a § € A} is equivalent to the usual base of / 1(4).
We set f;, = Xq.. Then the family { f,: £ € A} has the desired properties.

6. Under Martin’s axiom and the negation of the continuum hypothesis we prove
the analogues of Theorems 3.1 and 4.2 for the case where a = w*. We give all the
details of the proof for the analogue of Theorem 4.2 and a description of the
simpler proof of the analogue of 3.1.

6.1. Definitions and notations. Let (P, <) be a partially ordered set. A subset D of
P is dense in P if for each x € P there is y € D such that y < x. A finite subset F
of P is compatible if there is a y € P such that, for each x € F, y < x. A subset of
P is a filter if each finite subset F of % is compatible. A partially ordered set
(P, <) has the countable chain condition (c.c.c.) if each family of elements of P
consisting' of pairwise incompatible elements is countable.

6.2. MARTIN’s AxIOM (M. A)) [16]. Let (P, <) be a partially ordered c.c.c. set. If
a < 2“is a cardinal and {A;: § < a} is a family of dense subsets of P, there is a
filter % such that

FNA+ forall§ <a.

6.3. THEOREM. Assume M.A. and ~|C.H. Let X be a Banach space and T, U be
bounded linear operators such that T: L'{-1, 1}“" — X*, U: X* > L'(\) for some
measure A\, and U o T is an isomorphic embedding. Then Z . embeds isomorphically
into X.

We need some preparation before we go into the proof of this theorem. First we
assume that ||7)| = ||U]| = 1, and we choose, fix for the rest of this section,
numbers ¢ > 0, § > 0 such that

9 =1((U-T) "'} and e<8/2.

By F, G we denote finite subsets of G,Pw(S,}”) and by f, g finite subsets of
P, (w™); for simplicity we write P} instead of Py .

! A proof can be found in F. D. Tall’s paper The countable chain condition versus separability—Applica-
tion of Martin’s Axiom, General Topology Appl. 4 (1974), 315-339.
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6.4. DEFINITION. Let F be a finite subset of &, (Sy*¢) and f a finite subset of
@ (w*) such that |F| = | f| = ng, and

F={Hy...,H), f={hy-  h)

Hi={x{',...,x,ﬁ'_} for1 <i < ng,
H NH =0, hknh =03 forl <iy<i,<ng

We say that a pair (F, f), as above, is a (*)-pair iff for 1 <i <ng, 1 <j < k; there
are sets A ,{/-, B,{}x both nonempty, with

() P} o T*x/(4]) C[-1,8), P} » T*x/(B]) C (6, 1].

(it) For each i < ng, j, #Jjyjs < ki,

P} o T*x(4], U BL) C (—¢/k, ¢/k).

(iii) The pair Aéi, B/, depends on the set of coordinates .

A pair (F,f) is an elementary (*)-pair iff (F, f) is a (*)-pair and F = {H},
f={h).

We will construct a partially ordered set (P, <) satisfying the c.c.c. and con-
sisting of elements of the form (F, f) each being a (*)-pair, and a suitable family of
dense subsets of it. For this construction we need a family of elementary (*)-pairs

and an extension property for a (*)-pair. The following Lemmas 6.5 and 6.8 ensure
these steps.

6.5. LEMMA. There is a family {({ H;}, {h;}): § < w*} of elementary (*)-pairs such
that

() If ¢ < w* and ¢ = 0 + K where o is a limit ordinal and « a finite ordinal then
|He| =« + 1.

() h, NéE=SBandh, N hy =D forall § <{ < w™.

(iii) For every A, A,, . . ., A, real numbers

k+1

2 Axf

i=1

< (1 + &)sup|r]

For the proof of this we need the following finite version of Hajnal’s theorem.

6.6. LEMMA. Let «, A natural numbers. Then for every family N,, N,, . . ., Ny« of
subsets of {1,...,A"*"} with |N]| <« for all 1 <i < nyes: there is a set A C
{1, ..., A**1} with |A| > X and, for every i € A, A N N, C {i}.

PROOF. Assume the contrary; then we define a decomposition {Aj}, . .., A}} into
pairwise disjoint sets, each with cardinality A*. Since the conclusion is false, there is
a 1 <iy < A such that, for eachj € A, N; 0 (U, A;) # & For the set A} we
define again a decomposition {A}, ..., A}} into pairwise disjoint sets with |A?| =
A*~! and we define a A} such that, for every j € A2, N, N (U, i, AD) # 2. So
every set N, forj € Afo contains at least two elements. Following this process in the

k + 1 step we find a j such that the set N, contains at least k + 1 elements, a
contradiction.
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PROOF OF LEMMA 6.5. Let L = U © T| 1y ypor: L'{~1, 1}*" - L'(A). Then by
assumption, L is an isomorphic embedding. We set m = || L'||~". Inductively for
each ¢ < w* with ¢ = 0 + k with o a limit ordinal and « a finite ordinal we set
ng = (A)** where A, = 2(k + 1) and », = [2(k + 1)/¢] + 1 and we choose a finite
subset of w*, M,, such that 2™ > n,, M, N M, =3, M, n§ =D for all
£ <§ <ot

For each £ < w™ we consider elements ¢f, . . . , ef, of {~1, 1}*: and we set for all
1 <i<n

-1
gt = u({ef}) x()
be the norm one element of L'{-1, 1}*" which is defined by f. Then since
1=, Agfll = =", |\ we have that
ne ”t
21 NL(gf)| > m( 21 |)g|)

and from Dor’s theorem [5, Theorem B] there are Ef, ..., E,,i pairwise disjoint
A-measurable sets such that

[ U< Tgf| ax > m?.
Ej

We choose w#, . . ., w,fe in L*(A) such that
(i) supp wf C Ef,
(i) ||wf|| < 1and
(iti) /4 L(gF) dX > m?/2.
Since || Py, o L*|| < 1, we have that, for A, A,, . . ., A, scalars,

i o 1o 3 ant)

i=1

< sup |A.

1<i<ng

Hence the set
I‘f. = {j: 1 <j<n and ]P,’{,e o L*(Wf)(ef)l >e/2x + l)}

has cardinality less than [2(k + 1)/e] + 1 and by Lemma 6.6 there is A4, C
{1,..., n} such that [4,| = 2(x + 1) and 4, N ¥ C {i} foralli € 4,.
With no loss of generality we assume that 4, = {1, ..., 2(k + 1)}. We set

() = 40w = Vi)

K

forall 1 <i <« + 1 and from local reflexivity theorem we choose {x%: 1 <i < k}
such that

@ 1251 Mxfll < (1 + e)sup|A;

(ii) [|xf]l < 1; and

(iii) Py, o T*(xf)ef) >m?/8 =6, Py o T*(xf)(ef,) < -m?*/8 = 0, and
—e/(k+ 1) <Py ° T"(xf)(ef) <g/(k+ Dforall 1 <;j<2Ax+1),j#i,j+*«
+ i.

Now setting H, = {x{, ..., xf,,} and h, = M, it follows that the pair ({ H,},
{h¢}) is an elementary (*)-pair, and the proof is complete.
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The following lemma gives a criterion for the existence of two (*)-pairs (elemen-
tary or not) (F,, f,), (F,, f,) such that (F, U F,, f, U f,) is also a (*)-pair.

6.7. LEMMA. Let {(F,, f,): n < w}, (F, f) be (*)-pairs such that

DS, N S, TS,

(i) | U f,| <M, | U f| <M for some natural number M,

(ii)) PR, o T*x = P e T*x forallx € U F,, n < w.
Then there is an ny < w such that for every n > ny (F, U F, f, U f) is a (*)-pair.

PROOF. Since for every x € U F the function P o T*x has finite range there is
a positive number 7 = n(F, f) such that, for every H € F, x,, x, € H, x, # x, the
following hold:

@) P} o T[4, ] C[-1, —0 — m),

@) P? ° T, [B,] C (0 + n, 1],

(i) P¥ o T, [A,, U B,] C(n — ¢/k, —n + &/k), where 4, , B, are the associa-
ted sets of the element x,, and k = |H|.

From this and the assumption (iii) it follows that (F, U F, f, U f) is a (*)-pair
provided

"Pf‘:uf °oT*x — P} o T"‘x" <n whenx € U F.

Since T*x is an essential bounded function it follows that 7*x is L2-integrable and
so there is an expression of it in L?-norm as

T*x = > {opIl,: M € P (0*)}.
Also the expression of Pf o T*x, forsome A C w™,in || ||, is
P oT*x =2 {ayIl): M € 9,(A)).

From this and the assumption (i) it follows that for every x € U F the vectors
{pfus° T*x — P o T*x: n < w} are orthogonal. This implies that there is an n,
such that for every x € U Fandn > n,

I By o T*x = BF o T*x||, <m/2™.
And since [(U f) U (U f,)| < 2M it follows that
)1/2 -
|PRgx = PP, < 2WDOURIZ|PY, X — Prx|, <m
for every x € U F and n > n,. The proof is complete.

6.8. LEMMA. There is £, < w™ such that if n is a natural number and (F,f) a
(*)-pair with f € P (w* \ &) then for each { < w* there are h € @ (w* \ {) and
H = {x,,...,x,} such that

@) ifA,, ..., A, are real numbers

n
2 Ax,
j=1

(i) the pair (F U {H}, f U {h}) is a (*)-pair.

PROOF. Assume the contrary; then there are
() a family {(F, f;): £ < @™} of (*)-pairs,

< (1 + e)sup|A|;
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(ii) a family {§,: £ < w™} of ordinals,

(i) a family {n;: § < @™} of natural numbers such that f; N f;, = for
§ < § < w" and for each §{ < w* there is no elementary (*)-pair ({ H,}, {h.})
such that [H,| = ng, hy € P (0¥ \ §) and (F, U {H,}, f; U {h;}) is a (*)-pair.

With no loss of generality, by passing if it is necessary to a subfamily with the
same cardinality, we assume that for all { < 0™, | U fe| = k and n; = n.

Let {§, <§ < -+ <§ < ...:n < w} bea sequence of ordinals. For each §,
we set N, to be the countable subset of w* on which depends the function {7*x:
x € U Fg} and we choose an ordinal {, such that U, _, Ny C o, sup,,, §¢ < $o
and U;,_. (U f) C$ Then by Lemma 6.5 there is an elementary (*)-pair
({H}, (h}) such that h C @™ \ o, |H| = n and H satisfies (i). Also since N N h
= ¢ from Lemma it follows that for every n < wandx € U F

P-z,,u(h) o T*x = Pj:,. o Px.

So from Lemma 6.6 it follows that there is a natural number n, such that
(Fé.o U {H}, fﬁ-o U {h}) is a (*)-pair, a contradiction, and the proof is complete.

6.9. Construction of (P, <). Using transfinite induction we choose

(1) a family {P,: { < w™} and

(2)forevery £ < w™ a family {UZ: £ < 0 < w™} such that:

(1.a) For every § < w™, P, is a set of pairs (F, f) each of which is a (*)-pair.

(1.b) If (F,f), (G,g) belong to P, and (F U G,fU g) is a (*)-pair, then
(F U G, f U g) also belongs to P,.

(1.c) Each P, is a countable set.

(1.d) For §, < §,, P, C Py,

(le) Forevery§ < w*,§{ <o <§ AU C P,

(1) If ¢<w*, (F,f) € P, and H € F where H = {x,, ..., x,}, then for all
Ap Ay .o, A, scalars we have
2 Ax| < (1+¢) sup [N
Jj 1<j<n

Ra) If £ <{ < w* and ¢ has the form o + « for some limit ordinal ¢ and some
finite ordinal k, then for each element (F, f) of QL§ there is H € F such that
|H| >« + 1.

(2.b) For every £ < w™ the set AU has the property: for each (F, f) € P, there is
(G, g) € Uf such that

G=FuU{H}, g=fu/{h}

(2.c) For every £ <{ <w* and (F,f) € QL§ there is (G, g) € Uf such that
G=FU{H},g=fU{h}.

QAIfE <Land g <Jj, <w*, § <jy <w® then U N U = .

(The inductive choice uses Lemma 6.8 and is straightforward.)

We set P = U,_,+ P and for each { < w* U, = LJ:;’;E ¢, and for (F, f),
(G, g) in P we set (G, g) < (F, f)iff F C G and f C g. Obviously the set (P, <) is
a partially ordered set and each Al is a dense subset of P.

6.10. LEMMA. The set (P, <) has the c.c.c.
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PrOOF. We choose a family {(F, f;): § < w*} of pairwise distinct elements of P.
From the Erdés-Rado A-system lemma (Lemma 1.1) we can assume that there are
F, f such that for every §, < §,

FenF,=F and fynf,=/f

Let us assume that F # &, f # I (if F = &, f = & the proof is analogous). We let
N be the subset of w* on which the set {T*x: x € H and H € F} depends, and
for each £ < w™* we denote by N, the subset of w™ on which the set {T*x: x € H
and H € F;\ F} depends.

We choose 4 C w* such that

@ 4] = w*,

(ii) there is M such that | U {h: h € f,}| < M holds for all § € 4,

(iii) setting f = f, \ fthen N N (U f;) = D and,

(iv) if §, < &, elements of 4, N; N (U fp) = 1)

We choose &, € A4 such that the set A = {{ € A: { < &} is infinite. By Lemma
2.4 it follows that for every { € Aandx € U F;

* = p* o
Pf:Ufeo o T*x = Pf{ T*x

and from Lemma 6.5 it follows that for all except finitely many { elements of A
(Fy U Fg, f; U f) is a (*)-pair.

This completes the proof of the lemma.

PrOOF OF THEOREM 6.3. Using Martin’s axiom we choose a filter & subset of P
such that & N U, # I for all £ < w*. We prove that the closed linear space
which is generated from the family {x € X: 3(F, f) € ¥ and H € Fwithx € H})
is isomorphic to Z +.

We note first, by the inductive assumption (2.a), that for each n < w there are
uncountably many H such that |H| > n, H € F, and (F, f) € %. Also, if {(F, f):
i=1,2,...,n} is a finite subset of H,, H,, ..., H, and is such that H, € F,,
H, #H, for 1 <i <iy<n, and y,y, ...,y, are nonzero elements of X, such
that yi = 2%, Nx/ where x/' # x/* for j, #j, and x/ € H, for all j = 1,...,«,
then we have

n n
(1+¢ X max |M|>
i=1 1</ <k; i

In fact, the first part of the inequality is a direct consequence of the inductive
assumption (1.f).

For the second part, since ¥ is a filter there is an (F, f) € ¥ such that H, € F
for all i=1,2,...,n and for each 1 <i <n we choose j; such that |\/| =
SUP; ¢ j<., |A/|- Then, setting

,'=

1</ <k;

K= ﬂ &A%

where

AL, = 4l if M| = -N,
B,

otherwise,
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it follows that

n
2 Yi0 >

i=1

n

S P r*(y.)"

i=1

K T*(y) du‘

>52 sup [N
i=1 1<j<K

i=1

> (0 —¢) 21 I}\,/*
i=
The proof of the theorem is now complete.

6.11. THEOREM. Assume Martin’s axiom and the negation of the continuum
hypothesis. Let X be a Banach space such that there is a norm one, one-to-one
operator T: L'{-1, 1}"’* — X*. Then I} is isomorphic to a subspace of X.

An outline of the proof of this theorem is as follows.
6.12. DEFINITION. Let F be a finite subset of X and f a finite subset of w*. The
pair (F, f) is a (*)-pair iff |F| = | f| and there is an enumeration of f, say
f={&: xeF},
such that if

al= B o T [=lxl, 1), Bl =P o T ()73, ¥
then
Al = (-1} x {-1, l}f\(ﬁx}’ B = (1) x {-1, l}f\{fx).

6.13. LEMMA. Let (F, f) be a (*)-pair. Then there are x ., and &, < w* such
that (F U {xp}s f U {§krp)) is also a (*)-pair.

PrOOF. For every x € F we set N to be the countable subset of w* on which
depends the function T*x and Np = U . N,. We choose £, , < w™ such that
§r.p & Np. Since T*X is w* dense into L%{-1, 1}¢" it follows that the linear
operator Pf o T*: X — L®{-1, 1}/ is onto, where f' = f U {{5}. So there is
XEpH € X such that PF o T*(x(p) = H(f(m). And since P} o T*x = Pf o T*x
for all x € F, by Lemma 2.4, we have that the pair (x, s, §r,5) is the desired one.

PRrOOF OF 6.11. Using Lemma 6.13 we construct a partially ordered set (P, <) in
the same way as in 6.9 and using similar arguments as in Lemma 6.10 we prove
that P is c.c.c. From Martin’s axiom it follows that there is a filter ¥ with
uncountably many elements. For every n < w we set

= {x € X: 3(F,f) € ¥ withx € Fand ||x|| < n}.

Since ¥ is uncountable there is ny < w such that |E,| = w*.
It is easy to see that the elements of E, form a basis of /...

7. In this last section of the paper we give some applications of the results of the
previous sections. So under Martin’s axiom and the negation of the continuum
hypothesis we prove a conjecture of Rosenthal given in [14] about the isomorphic
structure of conjugate L'(\) spaces. Also, we extend another result of Rosenthal
(Theorem 5.1 of [14]) about the structure of the conjugate of the spaces C(S).
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7.1. THEOREM. Assume M.A. and —|C.H. Let A be a measure such that L'() is
isomorphic to X* for some infinite dimensional Banach space X. Then there is a set T’
and a function ¢: T — Card such that ¢(y) = 0 or &(y) is an infinite cardinal and
such that

L' = ( S @ L'¢(Y))l

yerl

where

L'¢(y) =R if¢(y) =0and
Lo =(Z @L'-11)7) #0+en)=a

We prove first the following auxiliary results.

7.2. LEMMA. Let A be a set and ¢: A — Card be a mapping such that, for all
a € ¢A), [{8 € A: $(8) > a}| > 2% Then there is a disjoint family (A,)qeua) of
subsets of A such that for all a we have

|44 > max{2%, |¢~'(a)]}
and, for all § € A,, $(6) > a.

PRrROOF. There are two cases:

Case 1. For every a € ¢(A) there is B(a) € ¢(A) with B(a) > a and |¢p ~'( B(a))|
> 2%

In this case we define a function f: ¢(A) — ¢(A) with the rule

f(a) = min{ B: B > a and |[$p ~'(B)| > 2°}.
For every B € ¢(A) with f~!( B) # & we define a decomposition of ¢ ~!(8) into
sets {A,: a € f~!(B)} such that |A,| = max{2%, |¢ ~'(a)|}. It is easy to see that the
family {A,: @ € f~'(B), B € f(¢(d))} is as desired.

Case 2. There is an a € ¢(A) such that 2* > |¢"!(B)| for all B > a and
B € ¢(D).

We define a decomposition of ¢(A) into A, A, sets such that A, = {a: |¢ ~!(a)|
>2*}and A, = A\ A,

From our assumptions it follows that |A,)| > 2* for all « € A,. So there is a
pairwise disjoint family of subsets of A,, say {E,: a € A,}, with the properties
|E,| > 2* and, forevery 8 € E,, B > a.

Now the family {¢ (a): @« €A} U (¢ (E,): a € A,} is as desired and the
proof is complete.

7.3. LEMMA. Let a be an infinite cardinal and {o,: y € T'} a family of cardinals.
Assume, also, that there is

b
£<2e 1

an isomorphic embedding. Then the set A = {y € T': a, > &} has cardinality greater
than or equal to 2°.
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ProoF. We first recall a result of Lindenstrauss? that states that for every a
infinite cardinal the space L'{-1, 1}* is isomorphic to a subspace of a space
(E,er @ L'{-1, 1)), provided that there is y € T such thata, > a.

This result implies that for every £ < 2* there is x, € L{{-1, 1}* such that

lxell = 1, [1Pra © T(xpll < 4|71 7", where
i (2 @L-17) o S @rLy)
yer yeEMA

is the usual projection.
There is, also, E, C A finite such that
"PA\Ee ° T(xe)" < 4||T_l||_1~

Assuming now that |A] < 2* we find E C A finite and G C 2* with |G| = w™*
such that, for every { € G, E; = E.

We claim that the family { P, ° T(x;): £ € G} is equivalent to the usual basis of
/!, although it is contained into the weakly compactly generated space
(Z,er @ L'{-1, 1}*),, a contradiction.

Indeed, for §; # - - - # §, elements of G and r, . . ., r, real numbers, we have

n n n
T( 21 "1xe) >“T 2 rixe l— Pr g e T(Z r,.xe)’
i= i= i=1
> S fri- 2 L
IIT l|| i=1 2|IT g 4
2I|T 'l ,% l‘l

The proof of the lemma is now complete.
PROOF OF THEOREM 7.1. Let { ps: 8 € A} be a family of measures such that

L' = (gA oL (u8>)

and for each § € A, L'(ys) = Ror L'(,) = L'{~1, 1} for some a5 > w.
We set

By={8 €A:L'(p) =R}, A =A0\A,
Let ¢: A, — Card be a function defined by the rule ¢(8) = a5. From Lemma 7.3
and Theorems 3.1 and 6.11 it follows that ¢ satisfies the assumptions of Lemma

7.2; so there is a family of pairwise disjoint subsets of A, let {A,: @ € ¢(4)}, with
|A,] = max{2% |¢ ~'(«)|}. Setting

L'(M)=(1'(Ao)€9 )) EB( z &(c{-1, 1})))

aE¢(4y) ¢~ a

2 Cf. E. Lacey, The isometric theory of classical Banach spaces, Springer-Verlag, Berlin and New York,
Theorem 14, p. 130.
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it is easy to check that
L'(A\) g L'\ T L'\,

and from Pelczynski’s decomposition lemma, it follows that L'(A;) = L'(A). The
proof is complete.

7.4. REMARK. As the referee remarked, Theorem 7.1 itself holds with no set-theo-
retical assumption, provided one assumes that L'{-1, 1}*"" embeds into L'(\).
Indeed, in this case, Theorem 3.1 is enough to establish that the set A, which
appears in the proof of Theorem 7.1 satisfies the condition of Lemma 7.2.

7.5. THEOREM. Assume M.A. and —|C.H. Let X be a complemented subspace of a
space C(S) with dim X = a; then the following are equivalent:

(a) 1! is isomorphic to a subspace of X,

(b) X* is isomorphic to the space (S @ L'{-1, 1}%),.

If furthermore X is an injective Banach space, then conditions (a), (b) are
equivalent without any additional set-theoretical assumption.

Proor. From [13] and [18] it follows that (a) is equivalent to (b) in the case
a=aw

Let us assume that a > w.

(b) = (a). It follows immediately from Theorem 3.1 if « > w™, and from Theo-
rem6.11ifa =w™.

(@)= (b). Let A = {x,: £ < a} be a dense subset of X and we let J, be the
smallest topology on S for which the elements of A are continuous functions and
let © be the T, quotient space of (S, J,) which is defined by the relation s, ~ s, iff
x¢(5)) = x¢(s,) for all § < a.

Then there is a natural continuous onto map ¢: S — 2.

If $%: C(Q) — C(S) is the natural isometric embedding which is defined from ¢,
then it follows that ¢°(C()) contains the space X and dim C(Q) = a. So we can
assume that X is a complemented subspace of a space C(f2) with dim C(Q) =
dim X = a. Since /! is isomorphic to a subspace of X, from Theorem 5.1 of [14] it
follows that

(1) X+ M(9) = (22 @® L'{-1, 1}“)

On the other hand from /! embedding into X we have that L'{-1,-1}* is
isomorphic to a subspace of X* [13] and since X* is isomorphic to a subspace of
L'(\) for some measure A, it follows that Z, is isomorphic to a subspace of X, by
Theorems 4.2 and 6.3. So from [7] we have that

@) (22 @ L'(-1, 1}“)1?)(*.

From (1) and (2) and Pelczynski’s decomposition lemma we have the desired result.

For the last part of the statement of the theorem, about injective Banach spaces,
we observe that in the case where dim X = ™ the result follows from the fact that
/% is isomorphic to a (complemented) subspace of X, while for the case a > w* we
do not use any additional set-theoretical assumptions.
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7.6. REMARK. From Theorem 7.3 it follows that questions (b) and (c) in Problem
7 of [14] are equivalent. Also, in [1] we prove that, under G.C.H,, if X is an injective
Banach space, then (dim X)“ = dim X, which gives an affirmative answer to the
question (a) of the same problem. Finally, without any set-theoretical assumption,
in [2] we prove that question (b) implies question (a).
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